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Abstract— We consider a MIMO system for very low-power
applications, e.g, sensor networks, where the receiver employs
an envelope detector at each receive antenna. Properties of such
systems have been studied in [1], [2] and [3], where the channel
was considered to be perfectly known at the receiver, or a linear
channel estimation model was used. In this paper we propose
a very simple channel estimation scheme, which allows the
non-coherent MIMO envelope detector to estimate all required
channel knowledge necessary for maximum likelihood detection.
In contrast to linear MIMO system, complete knowledge of the
channel coefficients is not required.

I. I NTRODUCTION
We consider multiple-input multiple-output (MIMO) systems where the receiver has access only to the amplitude
(envelope) of the complex-valued received signal. This implies
that the receiver does not require the ubiquitous I/Q structure, but a simple envelope detector suffices instead. Powerintensive circuitry like a mixer and precise local oscillator
reference are not necessary, and hence implementation of such
a receiver is extremely low-power [4]. This type of design is
especially suited for wireless sensor networks or alike systems,
where complexity and low power-consumption have highest
priority. The MIMO envelope detector has been studied in the
framework of nonlinear MIMO systems in [1], [2] and [3]. The
nonlinearity refers to the operation of extracting the envelope
of the complex-valued signal.
The information theoretic limits of nonlinear MIMO systems were investigated in [1] for the case of perfect channel
state information (CSI) at the receiver, and in [2] for noisy
CSI. It was shown that an N  N nonlinear MIMO system
achieves N {2 spatial multiplexing gain. The performance and
diversity order of the maximum likelihood (ML) detector of
MIMO systems with envelope detectors were studied in [3]
for the case of perfect CSI. It was shown that the receive
diversity of the MIMO envelope detector drops to one half,
when the uncoded rate of the modulation alphabet is higher
than 1 bit/s/Hz.
So far, we either assumed perfect CSI is available at
the receiver (cf. [1], [3]), or used a linear minimum mean
square error (MMSE) estimation model to include noisy CSI
(cf. [2]). Meanwhile, it has not been clear how a MIMO
envelope detector can estimate the channel coefficients. In fact,
estimating the phases of the channel coefficients is indeed
not possible, since the phase information is removed when
taking the envelope of the received signal. However, as we will
show, complete knowledge of the channel coefficient is not

required. The MIMO envelope ML detector can operate using
only knowledge of the norm of the channel coefficients, and
the norm of linear combinations of the channel coefficients.
We refer to this knowledge as sufficient CSI, and propose a
simple channel estimation scheme that allows the MIMO envelope detector to estimate the necessary CSI without relying
on other means, like obtaining CSI on a feedback channel.
Our proposed scheme decomposes the estimation problem in
several scalar estimations. We analyze different estimation
techniques for the scalar estimations, such as maximum likelihood, Bayesian and method of moments estimation, following
a similar approach to [5]. Finally we suggest an estimator
based on the method of moments, which provides the best
trade-off between performance and complexity.
The paper is structured as follows. Section II describes the
system model. In Section III, we discuss the ML detector
and describe the sufficient CSI. Section IV formulates the
joint estimation problem. In Section V-A, we describe our
proposed scheme, and in Section V-B we analyze various
scalar estimation techniques. Finally, in Section VI we assess
the performance of the scalar estimators, as well as the
performance of the ML detector that is based on our proposed
scheme.
Notation: Throughout the paper, bold-faced italic lower and
upper case letters stand for vectors and matrices, respectively.
bi is the ith element of vector b, and rbi sj is the jth
element of vector bi . IN is the N  N identity matrix and
ei is the ith column of IN . 0 and 1 are all-zero and allones vectors, respectively. The circularly symmetric complex
Gaussian distributed random variable x with mean m and
covariance matrix R is denoted by x  CN pm, Rq.
II. S YSTEM M ODEL
We consider the MIMO system depicted in Fig. 1, with
NT transmit and NR receive antennas. The signal s P S is
transmitted over the stationary memoryless flat fading channel
H P CNR NT , with tap-gain hij from the jth transmit to
the ith receive antenna. We assume a block fading model
for H. The channel remains constant during a burst, while
a pilot is sent along with data, and changes to an independent realization in the next burst. The received vector
z P CNR is perturbed by a zero-mean circularly symmetric
Gaussian noise vector w P CNR , with autocorrelation func2
INR δ pk  lq, where k and l are symbol
tion E rwk wlH s  σw
instants. The envelope of the received signal is extracted on
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Fig. 1.

MIMO System Reference Model

each antenna, yielding the observation yi  |zi wi | on the ith
antenna. The detector has access only to y. The signal s at the
transmitter is chosen from a set S of equiprobable symbols.
One choice for S is the extension of OOK (extended
aOOK) to
multiple antennas, where s P t0, αuNT , with α  2Es {NT
[3, Appendix]. The average energy per symbol is Es and the
uncoded rate is NT bits/s/Hz.
III. ML D ETECTOR AND S UFFICIENT CSI
The ML detector considered in [3] assumes that perfect CSI
is available at the receiver, and chooses the transmit symbol
srML that satisfies
srML
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Considering again extended OOK, we gather the sufficient
CSI quantities in a vector θ. We neglect α, since it is known
to the receiver:
θ

 rθ1 , θ2 , . . . , θK sT
 r|h11 |, . . . , |hN 1 |, . . . , |h1N |, . . . , |hN N |,
|h11 h12 |, . . . , |hN 1 hN 2 |, . . .
. . . , |hN 1 . . . hN N |sT
R

T

(2)

 |eTi Hs| (4)

since yi is the norm of a Gaussian random variable
2
ri  CN peT
i Hs, σw q with non-zero mean [6]. xi is the noiseless received signal at the ith antenna.
Observing (2) and (4), it is apparent that the ML detector
does not require complete knowledge of all channel coefficients hij . Actually, it is sufficient to have knowledge of
all elements in X  txi |i  1, . . . , NR , s P S u. We refer to
knowledge of X as sufficient CSI, as opposed to perfect CSI,
which implies complete knowledge of H. For the considered
nonlinear MIMO system, the ML detector with sufficient CSI
performs exactly the same as the ML detector with perfect
CSI.
The elements of X are the norms of linear combinations
of the channel coefficients. Depending on s, xi is either the
norm of one channel coefficient, or the norm of the sum
of more coefficients. Furthermore, the size of X depends
on the modulation alphabet S. Without loss of generality,
we will consider extended OOK in the following. For example, for those elements of S that have a single non-zero

R

R

R

The second relation follows from the fact that the noise
w is spatially white across different receive antennas. The
distribution of yi is Ricean:
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entry, i.e. si  r0, . . . , 0, α, 0, . . . , 0sT , the receiver requires
knowledge of xj  α|hij |, j  1, . . . , NR , that is, knowledge
of |hij |, i, j. For the remaining symbols that have two
or more non-zero entries, the receiver requires knowledge
of the °
norm of combinations of the channel coefficients:
N
xj  | lT1 hil rsi sl |, j  1, . . . , NR . The cardinality of the
sufficient CSI is |X |  p2NT  1qNR . Note that |X | grows
exponentially with NT . Furthermore, the same information
can be generated from the NT  NR complex-valued channel
coefficients.
Finally, |X | also depends on the rate of the symbol alphabet.
If for instance we use a rate 1 bit/s/Hz alphabet, comprising
the symbols
s P t0, α  1u, the required channel knowledge is
°N
only α| iT1 hij |, j  1, . . . , NR , that is, |X |  NR .

R

T

(5)

T

(6)
(7)

The structure of θ continues as shown above, including
progressively all combinations of hij . Note that certain θi ’s
are related. This implies that joint estimation of θ is optimal,
albeit complicated.
Consider for example the parameters θ1  |h11 |,
θ1 : θNR 1  |h12 | and θ2 : θNT NR 1  |h11
h12 |.
These three parameters are connected through the triangular
inequality, as follows:

|θ1  θ1 | ¤ θ2 ¤ θ1

θ1 .

(8)

Similar inequalities relate the rest of the parameters in θ. If we
would consider ML estimation, the joint estimation problem
would read as
θpMLE

 argmax ppY ; θq,
θ

PR

(9)

subject to a number of inequality constraints, in the form of
(8). In this case, Y is the matrix of received vectors during the
training phase of the channel. Performing such an estimation
is complicated, and not practical for the complexity-reduced
nature of nonlinear MIMO systems.
V. R EDUCED C OMPLEXITY N ONLINEAR MIMO C HANNEL
E STIMATION
In this section we propose a very simple scheme that
estimates each θi in the sufficient CSI separately. First we
describe the scheme, that transforms the estimation into several
scalar estimations. Then, we analyze various scalar estimations
techniques.

Pilot
s2

s3



s2NT

Fig. 2. Structure of a transmit block: Pilot consists of all s
s1 0. Here, N
1.





B. Scalar Estimation
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A. Estimation Scheme
Since estimating θ jointly is cumbersome, we propose a
suboptimal estimator that estimates the entries of θ separately. The frame structure is shown in Fig. 2. The pilot
consists of transmitting all symbols s P S zt0u, N times
each. N is a parameter that controls the quality of each
estimation. For every si , the receiver can then estimate the
corresponding xj , for all j  1, . . . , NR . Since the noise at
the receiver is spatially white, the estimation can be performed
on each receive antenna separately. This implies that for every
si , NR scalar estimation steps take place concurrently (on
each receive antenna). In total, the pilot has a length of
Ntot  N p2NT  1q. During the channel estimation phase,
the receiver performs NR p2NT  1q scalar estimations. Note
that the exclusion of the all-zero word from the pilot implies
that we transmit slightly more power per symbol in the
pilot phase.aTo compensate for this, we use the following
value β  p2NT  1qEs {pNT 2NT 1 q instead of α for the
pilot symbols, such that the average energy per pilot symbol
remains Es .
A shortcoming of this scheme is the exponential growth of
Ntot with the uncoded rate NT (for extended OOK). There are
two ways to circumvent this. One possibility is using multilevel modulation, like M –OOK. In this case, it suffices to
transmit the first 2NT  1 symbols. The additional terms in X
can be computed using the already estimated terms and the
cosine rule, while the rate increases to NT log2 M . For example, if we use three modulation levels t0, γ, δ u, γ, δ P R , we
can compute combinations of the form |γh1 δh2 | as follows

|aγh1

γ2

δh2 | 

|h 1 |2

δ 2 |h2 |2  2γδ |h1||h2| cos =ph1 , h2 q,

(10)

where the angle in =ph1 , h2 q is computed from |h1 |, |h2 |,
|h1 h2 | and the cosine rule. The same holds when using
more modulation levels. In essence, we use the property
=ph1 , h2 q  =pγh1 , δh2 q.
Another way is transmitting only part of the alphabet S,
and computing the remaining components of X from the
already estimated parts using trigonometric identities. E.g., it
is possible to compute |h1 h2 h3 | from |h1 |, |h2|, |h3|,|h1
h2 |,|h1 h3 |, and |h2 h3 |. This means that in a 3  3 system it
is not necessary to include the symbol β1 in the pilot (extended
OOK), hence reducing Ntot from 7N to 6N . The gains are
however low for small NT , and become significant for high
values of NT . The added complexity is however not worth
the effort for systems with moderate number of transmit and
receive antennas, which are our main focus of interest.

The proposed scheme breaks the estimation problem in
several scalar estimations. In this subsection we present estimation techniques for the scalar estimation problem. The
following description applies to estimation of any quantity of
the sufficient CSI. The received symbol at the ith antenna can
be written as
yi

 |hβ

wi1 |  |θβ

wi |  ||h|β

wi1 |,

(11)

where h equals the sum°of one or more channel coefficients.
L
Let us assume that h  i1 hi — note that only the number
L will be of interest. θ  |h| ¥ 0 is the parameter we wish to
estimate. Collecting all N received symbols at the ith antenna,
we obtain
(12)
y  |θb w1 | P RN 1 ,
2
where b  β1, w1  CN p0, σw
IN q and we omit the index
i for the sake of brevity. The noise added at different time
instances is independent, which implies that the receiver possesses N independent observations of the unknown parameter.
Note that y in (12) refers to several instances of the received
signal at one antenna, contrary to the previous section, where
y described the received vector at all receive antennas at a
given time instant.
Assuming θ is a non-random parameter, the distribution of
y is given by:

ppy; θq 

N
¹



ppyi ; θq 

i 1

N
¹
2yi



i 1

2
σw

 yi σβw2 θ
2

e



2 2

I0

2βyi θ
2
σw

. (13)

Hence, in essence we are interested in estimating the noncentrality parameter of a Rice distribution. A similar problem
has been handled in [7], [5] and citations therein. There, the
K-factor of a Ricean distribution is estimated with various
methods. The scenario is that of a fading channel with a lineof-sight (LOS) component, where the Ricean factor describes
the ratio of the power between the direct and non-direct paths.
In our case, however, we already know the power of the noise
(variance of non-LOS components) and we only need estimate
the power of the LOS component. Our approach is similar to
that in [5]. We consider the following estimation techniques:
1) Maximum Likelihood Estimation (MLE): We consider θ
to be a parameter of unknown statistics. The MLE estimate
follows from the maximization of the likelihood function
ln ppy; θq with respect to θ. The estimate θpMLE is the root
of the equation
 

B ln ppy; θq   I1 σ
Bθ
I0 2βθy
i1
σ
Ņ

2βθyi
2
w

i

yi  βθ

0

(14)

2
w

that maximizes the likelihood function (there might be several
roots). Eq. (14) is nonlinear with no closed form solution. We
will numerically compute the MLE and compare it with our
complexity reduced estimators in Section VI.
Cramér-Rao Lower Bound (CRLB): The lower bound of the
variance for estimating θ using N independent observations of

the receiver output y, is given by
CRLBpθq 

1
N  ipθq

(15)

where ipθq is the Fischer information for one observation
ipθq
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 y2 σβw22 θ2

dy. (17)

2θ θ2 {L
(18)
, θ ¥ 0,
e
L
where we assumed σh2  1. The Bayesian estimate can be
computed in closed form only for N  1 sample. The conditional distribution ppy |θq is identical to (13). The distribution
of y is Rayleigh, computed as
ppθq 

»8
0

ppy |θq ppθqdθ

 Lβ 22y σ2 e

y2
2
Lβ 2 σw

.

(19)

w

The posterior distribution of θ follows from ppθq, (13), (19)
and Bayes rule


θ  θ2 2ν 2
θν
e 2σ  I0 2
σ2
σ
and is Ricean distributed with parameters
ppθ|y q 
"

θpMMSE
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where we assume the inverse fn1 pq exists. In case of θpµ1 , this
inverse must be computed numerically. However, the second
moment yields readily a very simple estimator:
θpµ2

 g2 pµp2 q  β1

a

2,
µ
p2  σw

2
µ
p2  σw

¥ 0.

(25)

A shortcoming is the fact that the estimate is not defined when
2
µ
p2  σw
0. This can happen at low SNR, in which case we
min
set the estimate to zero. Alternatively, we could choose θpMMSE
as the most probable channel value in this cases. However,
simulations show that system performance is not affected by
such a modification. It can be shown that θpµ2 is a consistent
estimator. Using Jensen’s inequality, we obtain


E θpµ2





1a
2
µ
p2  σw
β





E

¤

1a
2
E rµ
p2 s  σw
β

(26)



θ

(27)

meaning that θpµ2 is biased. However, using a first-order Taylor
expansion about E rµ
p2 s  µ2 for high N , we get [8]
2

using the mean of a Rice distribution. 1 F1 is the confluent hypergeometric function. The conditional mean is an ascending
function of the observation y. The minimum
? value
a is attained
min
for y  0 end equals θpMMSE
 σw Lπ{p2 Lβ 2 σw2 q,
which means that the MMSE estimator can not estimate
min
. This shortcoming
realizations of the channel below θpMMSE
is prevalent especially at low SNR, where the estimator
relies heavily on the prior distribution of the parameter. This
limitation on the value of θ is imposed, since small values of
min
tends to
the parameter are less likely. At high SNR, θpMMSE
zero. For N ¡ 1, no closed form solution exists. We choose
to average the individual Bayesian estimates, although this is
not optimum as we will see in Section VI.

2

1 F1

the first two moments since estimating higher order moments
requires increasing the sample size accordingly. It is evident
from (22) and (23) that the second moment
is related to θ in
°N
1
n
a less complicated way. Let µ
pn  N
i1 yi be an estimate
of the nth moment using N samples. We obtain the MoM
estimators
θpµn  fn1 pµ
pn q  gn pµ
pn q,
(24)

θpµ
,



w


2

*

(21)

?πσ

(23)
 σw2 β 2 θ2 .
In general µn  fn pθq is a function of θ. We only consider

(20)

2
Lyβ
Lσw
.
,
2
2
2
2q
Lβ
σw 2pLβ
σw
The Bayesian MMSE estimate is then given by

tν, σ2 u 




µ1
µ2

We compute the integral in (17) numerically in Section VI.
The CRLB provides the minimum variance for an unbiased
estimator. Since our estimators are only asymptotically unbiased [8], comparison with the bound is only meaningful as the
sample size increases (high N ).
2) Bayesian (MMSE) Estimation: The Bayesian approach
takes the distribution of θ into account. In our scenario,
h  CN p0, Lσh2 q and θ  |h| is Rayleigh distributed, like

ppy q 

3) Method of Moments (MoM) Estimation: A popular estimation method which often leads to simple and consistent
estimators uses the moments of the given distribution. In our
case, we will consider the first two raw moments of the Ricean
distribution [6]



dg2 pµ
p2 q 
 pµp2  µ2 q
dµ
p2 µp 2 µ2

 g2pµ2 q

(28)

Taking the mean in (28) we find that θpµ2 is asymptotically
unbiased,


N Ñ 8.
(29)
E θpµ2  θ,
Using the same approximation for the variance of θpµ2 , we
obtain
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Fig. 3. Variance of MLE and MoM Estimator. The CRLB is valid above 15
dB. ML and MoM curves overlap.
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4β 4 θ2 N

which means that the variance becomes asymptotically zero,
and thus θpµ2 is consistent.
VI. S IMULATION R ESULTS
Finally we assess the performance of the various scalar
estimation methods presented in Section V-B. Subsequently,
we apply our proposed scheme on a system and evaluate the
performance of the ML detector in terms of BER.
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Fig. 4. MMSE comparison of MLE and MoM and Bayesian estimators. ML
and MoM curves overlap almost everywhere.
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A. Scalar Estimation
Fig. 3 depicts the variance of the MLE and MoM estimator
together with the CRLB for estimating the norm a Gaussian
fading channel coefficient. The SNR is defined as SNR  σE2s .
w
The two estimators have practically the same variance, which
means that although θpµ2 is a very simple estimator, it is as
powerful as the MLE. The CRLB is violated at low SNR,
since the two estimators are biased. However, at high SNR
and for high number of samples the bound is tight.
Fig. 4 depicts the MMSE of the MLE, the MoM and the
Bayesian (L  1) estimators for different block lengths. Like
in Fig. 3, the performance of MLE and MoM is practically
identical. For N  1, the Bayesian estimator yields the best
estimate for all SNR, since it is MMSE optimal. For N ¡ 1,
we average the individual Bayesian estimates, although this
is not optimum. As a result, the MoM and ML estimates
progressively improve and outperform the Bayesian estimate.
At high SNR the estimators perform similarly. The Bayesian
estimator performs very good with respect to the MMSE for
small N and at low SNR. In the next subsection, we will see
how this gain reflects to the BER performance.
Fig. 5 depicts the asymptotic variance N  varpθpµ2 q of θpµ2
computed in (30), and N  CRLBpθq  ip1θq computed in

0

Fig. 5.

0.5

θ

1

1.5

Asymptotic variance of MoM estimate and CLRB.

(17), as a function of the estimation parameter, for different
SNR. The MoM Estimate achieves asymptotically the CRLB.
The estimation variance grows unbounded when θ goes to
zero, since in this case the receiver observes solely noise, and
2
saturates at σw
{2 as θ grows.
B. System Performance

Fig. 6 depicts the BER performance of a 2  2 system, with
perfect CSI and with estimated CSI. We compare the behavior
of a nonlinear MIMO system that performs channel estimation
with a linear MIMO reference system, that uses BPSK and
spatial multiplexing, yielding the same uncoded rate of R  2
bits/s/Hz. Note that the nonlinear MIMO system is not an
alternative to a linear MIMO system, since its performance
is clearly inferior. It is rather intended as an enhancement to
single-input single-output non-coherent OOK systems, that are
widely used in wireless sensor networks [4]. The linear MIMO

system performs MMSE channel estimation using a properly
scaled submatrix P P CNT Ntot of the DFT matrix as the
training sequence. The estimated channel is given by (cf. [9])
NR P H P

2
σw
I

 1

P H.

(31)

For a fair comparison, we have allocated the same resources
for the pilot in both systems. Recall that for N  1, the
nonlinear MIMO system requires totally p2NT  1qN  3
training symbols. In Fig. 6 we use Ntot  3 for both systems.
This translates to N  1 for the nonlinear MIMO system.
The SNR per bit is given by Eb {N0  SNR{R. We see that
both systems exhibit a similar SNR penalty when the channel
is estimated. The Bayesian estimator is insignificantly better
than the MoM estimator at low SNR. Hence, the superiority
of the Bayesian estimator at low SNR, as seen in Fig. 4, is
lost in the BER performance. This indicates that at low SNR
the performance degrades mainly due to large noise, and the
channel estimation quality has a much smaller impact. Hence,
it is meaningful to allocate more power to data transmission
than to channel estimation at low SNR.
In Fig. 6 we used the smallest value for Ntot . As Ntot
increases, the performance gradually improves. This is captured in Fig. 7, where the SNR penalty with respect to perfect
CSI is plotted as a function of Ntot , at a BER of 102 . The
performance gap of the nonlinear MIMO system with channel
estimation is bigger than that of a linear MIMO system.
Note that the linear MIMO system benefits from the proper
design of the pilot sequence, which exhibits good correlation
properties. This leads to an additional SNR gain, as seen in
Fig. 7. Unfortunately, using such trainings sequences with
the nonlinear MIMO system is not possible. Furthermore,
we observe that the Bayesian estimator offers practically no
advantage at small values of Ntot , and slowly performs worse
than the MoM estimator as the length of the pilot increases.
Concluding, we can say that the simple MoM scalar estimator is the preferable choice for the complexity-reduced,
low-power MIMO envelope detector. The resulting BER performance is within 1 dB from the ML detector with perfect
CSI, for moderate pilot lengths.
VII. C ONCLUSIONS
We presented a channel estimation scheme which enables
a MIMO envelope detector to estimate all required channel
information in order to perform ML detection. With the ability
to estimate the channel on its own, the MIMO envelope
detector can function autonomously, without relying on other
means to obtain CSI. MIMO envelope detector can function
autonomously, without relying on other means to obtain CSI.
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