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Abstract— Multiple input multiple output (MIMO) communication systems are popular for achieving high rates, but at the same
time they suffer from high implementation cost. Hence, their
adoption to future distributed systems, e.g., sensor networks, is
stalled due to the stringent cost and power constraints of the
node design. One solution is the combination of MIMO systems
with nonlinear detectors, i.e., amplitude or phase detectors, which
are known for their cheap implementation cost and low power
consumption. We provide semi-analytical results for achievable
rates in MIMO systems that use nonlinear detectors for the
fast fading channel, as well as outage probabilities for the same
detectors in the slow fading case.

I. I NTRODUCTION
Multiple input multiple output (MIMO) systems have been
a hot research topic for over a decade now. Results on the
capacity of MIMO systems [1], [2] revealed that high rate
gains are possible at high signal-to-noise ratios (SNRs) as
compared to single input single output (SISO) systems. These
gains are achieved through spatial multiplexing. However,
MIMO systems studied so far employ linear detectors, either
coherent, which perform carrier phase recovery and channel
estimation, or non-coherent ones. We refer to linear detectors
under the notion that both the real and imaginary part of the
complex-valued received signal are retrieved by the receiver.
Nevertheless, linear detection requires expensive circuitry, e.g.,
linear amplifiers, and high power consumption, e.g., frequency
synthesis, even for SISO systems. In MIMO implementations,
where multiple receiver chains are required, the total cost rises
even more. This could be a critical problem in applications
like sensor networks, which rely on low-cost and/or lowpower nodes. As illustrated in [3], the increased circuit energy
consumption dominates the total power consumption for shortrange transmission. Thus, the adaptation of MIMO systems to
such scenarios requires low-cost alternatives.
To this end, nonlinear detection, i.e., amplitude or phase
detection, is known as a low-cost approach to receiver design
in SISO systems. These nonlinear techniques extract either
the amplitude or the phase of the received signal and can
be implemented with simple circuitry. Amplitude detectors
can be realized with a diode and a low-pass filter, avoiding
the power consuming frequency synthesis. Phase detection on
the other side avoids the expensive linear amplifiers by using
cheap amplifiers, e.g., clipping amplifiers, since the amplitude
of the received signal bears no information.
Combining multiple antennas with nonlinear detectors
seems to be a promising technique for future low-cost dis-
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tributed systems. We assume that the receiver has perfect
channel state information (CSI). There are different ways a
nonlinear detector can gain CSI. It was shown in [4] that
channel estimation is possible for phase detection, where the
fading channel gains are estimated from the variance of phase
samples. In a time division duplex system, where the uplink
and downlink channel is the same, we can assume that an
access point estimates the channel and signals it back to the
individual nonlinear nodes. In the case of amplitude detection,
channel knowledge is sufficient up to a phase shift.
So far, the capacity of phase modulation has been investigated in [5] for SISO systems only. The capacity for MIMO
systems using nonlinear receivers is not yet known. In our
work we provide semi-analytical results for achievable rates
of MIMO systems with nonlinear detection in fast fading
channels. Furthermore, simulation results show that nonlinear
detectors achieve full diversity in slow fading channels. In
Section II, we describe the system model and the reference
system we use for comparison. In Section III, we derive
the mutual information expression which we will evaluate
numerically. Section IV describes the numerical technique
we use and the simulation results in Section V reveal that
nonlinear techniques benefit from the use of multiple antennas
at transmitter and receiver in a similar way as the linear
techniques.
Throughout the paper, bold lower and upper case letters
stand for random vectors and matrices, respectively. E[•],
I(•), h(•) and p(•) denote expectation, mutual information,
differential entropy and probability density, respectively. Aij
is the (i, j)-th element of matrix A and (•)H denotes complexconjugate transposition.
II. S YSTEM M ODEL AND L INEAR C APACITY
We consider a MIMO system with NT transmit and NR
receive antennas. The system model is depicted in Fig. 1.
The transmitter sends the signal vector s ∈ CNT over the
memoryless flat fading channel H ∈ CNR ×NT , with tapgain Hij from the j-th transmit to the i-th receive antenna.
The received vector x ∈ CNT is perturbed by a zero-mean
circularly symmetric Gaussian noise vector w ∈ CNR , with
2
autocorrelation function E[wk wlH ] = σw
INR δ(k − l), where
k and l are time instants. A nonlinear detector operates
elementwise on the perturbed vector r and extracts either
the amplitude or the phase of the complex signal. The real
observed vector y = g(r) ∈ RNR , g : CNR 7→ RNR , misses
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given x. The second term on the right-hand side of (7) can be
written as

g(•)
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g(•)
..
.
g(•)

I(x; y|s, H = H)= h(y|s, H = H) − h(y|s, x, H = H)

= h(y|s, x, H = H) − h(y|s, x, H = H)
= 0,
(8)

y

w
Fig. 1.

MIMO System Reference Model

one dimension of the two-dimensional (complex) transmitted
signal. The receiver has perfect knowledge of the channel
matrix realization H at any time.
When g(r) = r, we obtain the linear reference system. The
received vector is then given by
y = Hs + w

(1)

and the capacity with a total transmit power constraint P and
perfect receive CSI has been characterized in [1], [2]. For a
stationary memoryless channel, the ergodic capacity is given
by



SNR
H
Clin = EH log det INR +
HH
,
(2)
NT
and the capacity achieving input distribution for i.i.d.
Rayleigh fading is circularly symmetric complex Gaussian,
s ∼ CN (0, σs2 INT ). The average SNR per receive antenna is
defined as
SNR =

NT σs2
P
=
.
2
2
σw
σw

(3)

since knowledge of s and H also implies knowledge of
x = Hs, and thus, h(y|s, H = H) = h(y|s, x, H = H).
Note that this argument does not require an invertible H, and
thus, (8) holds even when H is rank deficient. From (6), (7)
and (8) we obtain
I(s; y|H = H) = I(x; y|H = H),
and the total mutual information from (5) reads as
I(s; y, H) = EH [I(x; y|H = H)].

I(x; y) =
=

(4)

where Nmin = min(NT , NR ) and λi ’s are the singular values
of H. Thus, the slope of the capacity curve is proportional to
the degrees of freedom Nmin of the MIMO channel [6].
III. R ATE C OMPUTATION
Since we assumed that the channel H is memoryless, the
capacity is given by the maximum mutual information between
the channel input s and the detector output y. Furthermore,
since H is known to the receiver, the channel output is the
pair (y, H). The mutual information can be written as
I(s; y, H) =

EH [I(s; y|H = H)],

h(y) − h(y|x)
Z
− p(y) log(p(y))dy
ZZ
+
p(x, y) log(p(y|x))dydx.

(5)

since s and H are statistically independent. From the chain
rule for mutual information, we have
I(s, x; y|H=H)=I(x; y|H=H)+I(s; y|x, H=H), (6)
I(s, x; y|H=H)=I(s; y|H=H)+I(x; y|s, H=H), (7)
where x is the noiseless received signal. Observing that s, x
and y form a Markov chain s → x → y, the second term on
the right-hand side of (6) vanishes, as s and y are independent

(11)

Since the noise vector is i.i.d. and the nonlinear operator g(•)
acts on each antenna separately, the conditional distribution of
y given x can be split as
p(y|x) =

NR
Y

i=1

N

min


SNR X
E log λ2i ,
+
NT
i=1

(10)

Hence, it suffices to evaluate the conditional mutual information from x to y. For notational simplicity we will drop the
dependence on H = H from now on. The mutual information
of interest (10), now written as I(x; y), equals

For high SNR values, the capacity is approximately given by
Clin ≃ Nmin log

(9)

p(yi |xi ),

(12)

where yi and xi are the i-th elements of the vectors y and x,
respectively. The nonlinear operation on the received signal is
described by
p
(13)
yi,ampl. = gampl. (ri ) = ℜ{ri }2 + ℑ{ri }2 ,


ℑ{ri }
yi,phase = gphase (ri ) = arg(ri ) = tan−1
, (14)
ℜ{ri }

i = 1, . . . , NR , for amplitude and phase detection, respectively. The inverse tangent in (14) takes into consideration the
quadrant where ri lies in. When x is known, r is complex
2
INR ). Its amplitude is
Gaussian distributed with CN (x, σw
Ricean distributed [7]


2
2
i|
2yi − yi +|x
2yi |xi |
2
σw
, (15)
e
pampl. (yi |xi ) =
I
0
2
2
σw
σw
while the distribution of the phase is given by Pawula [8]
r
e−ρi
ρi −ρi sin2 ∆φi
pphase (∆φi |xi ) = 2 +
e
σw
4π
√
· cos ∆φi erfc(− ρi cos ∆φi ), (16)
2
where ρi = |xi |2 /σw
and ∆φi = yi,phase − arg(xi ) ∈ [0, 2π).
I0 (•) is the zeroth order modified Bessel function of the first
kind and erfc(•) is the complementary error function.
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10

The capacity of the MIMO channel with nonlinear detection
is the maximum of (10) over all input distributions
C = argmax EH [I(x; y|H = H)].

9

Rate (bits/complex dimension)

(17)

p(x)

Since the analytical solution of (17) is intractable, we compute
the achievable rates for two input distributions, namely for a
constant amplitude uniform-phase, and for a circularly symmetric complex Gaussian distribution. The latter distribution is
of special interest since it achieves capacity for linear detection
[1].
IV. N UMERICAL C OMPUTATION

N
1 X
log(p(yi |xi )),
N i=1

(18)

where xi and yi are samples generated according to the joint
distribution p(x, y). The distribution of y is necessary for
the computation of h(y). However, p(y) is generally not
known. For a Gaussian input alphabet s, r = Hs + w
2
is Gaussian with s ∼ CN (σs2 HH H + σw
I). Closed form
expressions of p(y) = p(g(r)) exist only for specific values
of NR . In a system with a single receive antenna, NR = 1,
y is uniformly distributed in [0, 2π) for phase detection, and
Rayleigh distributed for amplitude detection [7]. For NR = 2,
the amplitude and phase distributions are given by [9], [10]
2

2
where Φ = (E[rr H ])−1 = (σs2 HH H + σw
I)−1 ,

Φ12
cos(y1 − y2 − χ12 ),
Φ11 Φ22

(21)

and χij = arg(Φij ). The amplitude distribution for NR = 3
is given by [9], [11]
p(y)

2
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Fig. 2.

SISO system.

phase distribution. For NR > 3† , we use MC integration to
estimate the probability density of certain realizations yi
Z
M
1 X
p(yi ) =
p(x) p(yi |x)dx ≃
p(yi |xj ). (23)
M j=1
The samples xj are generated according to the distribution
p(x). The MC estimate of the entropy of y is finally given by
h(y) ≃ −

N
1 X
log(p(yi )),
N i=1

(24)

where yi are realizations of y, with probability density p(yi ),
computed by (19), (20), (22), or (23), depending on NR . Note
that the estimate in (23) becomes unreliable for high SNR,
since the conditional pdf becomes very narrow. Selecting an
appropriate auxiliary function and using importance sampling
is a means to improve the numerical accuracy [12].

2

pampl. (y) = 4y1 y2 det(Φ)e−(Φ11 y1 +Φ22 y2 ) I0 (2|Φ12 |y1 y2 ),
(19)


λ cos−1 λ
1
det(Φ)
, (20)
−
pphase (y) =
8π 2 Φ11 Φ22 1 − λ2
(1 − λ2 )3/2

λ= √

7

1

The integrals in (11) are computed using Monte Carlo
(MC) integration. MC methods are especially important for
the computation of multi-dimensional integrals, i.e., more
than 4 dimensions, where the traditional numerical methods
become computationally prohibitive. Due to (12), (15), (16),
the distribution p(y|x) appearing in the second integral of (11)
is known analytically for both amplitude and phase detection.
The MC estimate of the conditional entropy h(y|x) is given
by
h(y|x) ≃ −

8

Amplitude Detection, AWGN ch.
Amplitude Detection, Rayleigh ch.
Phase Detection, AWGN ch. (Gaussian)
Phase Detection, Rayleigh ch. (Gaussian)
Phase Detection, AWGN ch. (uniform)
Phase Detection, Rayleigh ch. (uniform)
Linear Detection, AWGN ch.
Linear Detection, Rayleigh ch.

2

V. S IMULATION R ESULTS
In the following plots, solid, dotted and dashed lines stand
for linear, amplitude and phase detection, respectively. The
solid curves are evaluated using the capacity equation (2),
while the dashed and dotted curves refer to numerically computed achievable rates. The input distribution of the nonlinear
detection rates is circularly symmetric complex Gaussian,
unless stated otherwise. The SNR is defined in (3). The
channel matrix has i.i.d. zero-mean unit-variance circularly
symmetric Gaussian entries.
A. Ergodic Rates

2

= 8y1 y2 y3 det(Φ)e−(Φ11 y1 +Φ22 y2 +Φ33 y3 ) ·
∞
X
[εm (−1)m Im (2|Φ12 |y1 y2 )Im (2|Φ23 |y2 y3 )·
m=0

Im (2|Φ31 |y3 y1 ) cos(m(χ12 + χ23 + χ31 ))] , (22)
where εm is the Neumann constant (ε0 = 1, εm = 2 for
m > 1). No closed form expression exists for the trivariate

We assume a fast fading channel and explore the ergodic
achievable rates. Fig. 2 depicts the rates for a SISO system
(NT = NR = 1), both for an AWGN channel and for Rayleigh
fading. We observe that linear detection is superior to both
† An infinite sum expression exists for the quadrivariate case when
χ14 = χ41 = 0 [11], but this in not relevant in our scenario.
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nonlinear techniques. Furthermore, the slope of the rate curve
for nonlinear detection at high SNR is approximately half the
slope of linear detection, and thus, equal to the slope of linear
detection using one-dimensional (real-valued) signals. We also
plot the capacity for phase detection, which is achieved when
the input signal has unit amplitude and uniform phase [5].
The uniform distribution is capacity achieving only in the
SISO case. For higher number of receive antennas, simulations
show that the uniform distribution yields the same rates as
the complex Gaussian distribution. This effect rises from
the MIMO channel multiplexing. As a matter of fact, the
distribution of x is close to a Gaussian and depends less and
less on the distribution of s. Hence, in the rest of the paper
we use only the complex Gaussian input distribution. Finally,
phase detection outperforms amplitude detection at all SNR.
This property holds for all combinations of NT and NR .
The rate gain for a multiple input single output (MISO)
systems (NR = 1) is negligible, since the transmitter does
not exploit CSI. In the contrary, we obtain an array gain for
single input multiple output (SIMO) systems (NT = 1). Fig. 3
depicts the respective rates. We observe that the use of more
receive antennas continuously improves the achievable rates.
The nonlinear techniques behave in the same way as linear
detection. The array gain is higher at the introduction of the
second antenna, and becomes smaller thereafter, since the rate
scales with the logarithm of the SNR. Like in the MISO case,
increasing the number of receive antennas does not influence
the slope of the nonlinear rate curves.
Fig. 4 depicts a MIMO system with NT = NR . As expected,
the slope of the nonlinear rate curves increases when increasing the number of transmit and receive antennas. Furthermore,
the slope of the nonlinear rates remains approximately half the
slope of the respective linear capacity, like in the SISO case.
For example, for NT = NR = 2, the slope of amplitude and
phase detection at high SNR is the same as the slope of linear
detection with NT = NR = 1.
Fig. 5a compares a system with NT = 2 and variable num-
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Fig. 5. MIMO system, NT = 2 and varying NR . (a) Achievable rates and
(b) spatial multiplexing gain in real-valued dimensions.

ber of receive antennas NR = 1, . . . , 4. For linear detection,
the slope of the capacity curves for NR ≥ 2 remains the same,
since the degrees of freedom Nmin = 2 are unchanged and
fully exploited. The parallel shift is the result of a power gain.
However, this is not true for the nonlinear techniques. Their
slope continues to increase as we add more receive antennas,
but always remains lower than the linear detection slope. We
approximate the rate curves with R = α log2 (1 + βSNR) and
plot twice the estimated spatial multiplexing gain α in Fig. 5b.
We observe how the nonlinear detectors exploit the additional
receive antennas to achieve higher spatial multiplexing gains.
However, they miss one real degree of freedom, i.e., they
reach a spatial multiplexing gain up to 2Nmin − 1 = 3 in
real dimensions. We justify our observation by means of an
example. In an NT = 2, NR = 2 system the received signal
consists of two phases and two amplitudes. A phase detector
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Fig. 6. Outage probabilities for different outage rates, amplitude and linear
detection. NT = NR = 2.

Fig. 7. Outage probabilities for different outage rates, phase and linear
detection. NT = NR = 2.

extracts the two phases of the signal, but has no information
about the two amplitudes. However, if NR = 3, we can deduce
an equation relating the two amplitudes by combining the three
observed phases. Thus, we only miss one more equation in
order to also extract the two amplitudes. Nevertheless, there
will always remain an ambiguity regarding the amplitudes,
since multiplying the complex-valued received vector by a
scalar would change the amplitudes but not the phases.

achieve higher spatial multiplexing gains. This is a promising
result, since it may be cheaper to use more nonlinear receiver chains than linear ones. Consequently, nonlinear MIMO
receivers provide an interesting low-cost/low-power solution
for cheap nodes in distributed systems like sensor networks.
Furthermore, nonlinear detection fully exploits the diversity
of the MIMO channel, as revealed by the outage probability
behavior.
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