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Nonlinear MIMO: Aﬀordable MIMO Technology
for Wireless Sensor Networks
Georgios K. Psaltopoulos and Armin Wittneben

Abstract—We consider a sensor network, where an access point
(AP) communicates with many sensor nodes (SN), which are
simple, cheap, low-complexity and low-power communication
nodes. Such systems typically use nonlinear modulation and
detection, due to their low power consumption. Increasing their
performance by means of multiple antennas at the AP and
the SNs has not been considered, since this would violate the
stringent power and cost constraints at the SN. We consider SNs
with MIMO receivers that perform a nonlinear operation on the
complex-valued received signal (amplitude or phase detection).
These receivers enjoy the low-cost, low-power, low-complexity
characteristics that are crucial for a sensor network. Such
nonlinear MIMO systems are first introduced and studied here.
They bring the high-rate, high-performance world of MIMO
systems and the low-cost, low-complexity world of sensor networks together. We only consider the single-user MIMO system
between the AP and one SN, and study the fundamental limits
of such systems. We compute achievable rates under perfect and
noisy CSI at the SN, and observe that these systems also achieve
spatial multiplexing gain, albeit diﬀerent to legacy linear MIMO
systems. We quantify and analyze these gains using numerical
means, and give insight into the eﬀect of the nonlinearity on the
information theoretic limits of nonlinear MIMO systems.
Index Terms—Wireless sensor networks, achievable rates,
spatial multiplexing, robustness, nonlinear MIMO, nonlinear
receivers, perfect CSIR, noisy CSIR.
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I. Introduction

IRELESS sensor networks have been a hot research
topic for over a decade. Such networks, composed of
simple sensing nodes, densely deployed, can have a multitude
of applications, spreading from health, home to military.
Research on sensor networks has been focused on all communication levels, from routing protocols down to the physical
layer. Design and optimization of sensor nodes is always
connected to stringent power and complexity constraints which
must be fulfilled. Since the number of nodes can be, and
in many applications must be, very high, the extreme low
cost of these devices is of paramount importance. Low cost
implies limited complexity in terms of processing power and
communications technology. On the other side, the nodes
are mostly powered by batteries, in which case the powereﬃciency defines the lifetime of the sensor. Hence, low power
consumption is also a design target [1].
In order to assure low power consumption and modest
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ular in realistic sensor node design. Modulations like OnOﬀ Keying (OOK) [2] and Frequency-Shigt Keying (FSK)
[3]–[5] both require an envelope detector which detects the
presence of the signal by measuring energy. Both techniques
lead to significant power savings in transmitter as well as
receiver design by avoiding power-demanding components,
like mixers, linear amplifiers, etc., which are required in
an In-Phase/Quadrature-Phase (I/Q) architecture [4]. Another
important aspect in power savings is the short start-up time
and the associated power during this step (cf. [4]). This is
very important, since wireless sensors usually operate in a
low-duty cycle mode, enabling power savings while adapting
to their sporadic communication needs. Hence, it is evident
that the typical linear I/Q type of transceiver design is not
suitable for sensor networks.
These characteristics carry over to Multiple Input Multiple Output (MIMO) systems. Such systems are well known
for providing high data rates through exploiting the spatial
dimension of the medium [6], [7]. Compared to Single Input
Single Output (SISO) systems, MIMO systems achieve higher
data rates for the same signal-to-noise ratio, or equivalently,
spend less energy for achieving the same data rate. However,
combining several I/Q branches, i.e. multiple low-noise amplifiers, filters, mixers, A/D converters, for every Tx/Rx antenna
in a MIMO system, leads to very high power consumption
[8], in fact orders of magnitude higher than that of eﬃcient
sensor nodes. Various techniques have been considered in
literature to combat this shortcoming by enabling MIMO
techniques virtually (virtual MIMO) through node cooperation
[8]–[10]. The central aim of all these schemes is to achieve
higher rates and thus reduce the transmit duration, using e.g.
distributed space time codes. However these schemes require
node cooperation in order to disseminate information locally,
and synchronization in order to transmit/receive information
jointly. Furthermore, continuous rate adaptation is used in
order to minimize the transmit power. These assumptions lead
to a complicated network structure with node cooperation, synchronization and complicated radios that allow rate adaptation.
Hence, increased power consumption and high complexity
hinder employment of MIMO or virtual MIMO systems in
low-power short-range applications, like sensor networks.
Using multiple antennas in a sensor node is not straightforward applicable. However, combining the nonlinear techniques
used in sensor nodes with multiple antennas can merge the
benefits of both paradigms: low power consumption due to
nonlinear modulation and detection, and higher rates due to
spatial multiplexing using multiple antennas. We expect such
a receiver to be low-cost and low-power, since employing
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several nonlinear receiver chains adds minimal to cost and
power consumption, remaining still below the budget of a
single linear receiver chain. Furthermore, hosting multiple
antennas on small sensor nodes is possible through advances in
compact MIMO-antenna design, where diversity is harvested
by various means, like polarization and antenna patterns, e.g.
[11]–[13]. The resulting designs enable MIMO techniques on
portable/handheld devices. Hence, a sensor node with multiple
antennas that uses a nonlinear receiver can use the potential
higher performance of MIMO systems by sacrificing power
and complexity only modestly.
In this paper we consider this novel combination of MIMO
systems with nonlinear detection. Such a combination is new:
the properties, behavior and fundamental limits of nonlinear
MIMO systems are not known. We study the theoretical
limits of such a system and try to understand its similarities
and diﬀerences to linear MIMO systems, which are well
studied in literature. For our purpose, we consider a pointto-point link between an AP, with unlimited resources, and a
simple sensor which employs a nonlinear MIMO receiver. We
assume that such a receiver has access only to the amplitude
(like an envelope detector) or to the phase of the complexvalued received signal on each antenna and allow for generic
modulation techniques. Our contribution is summarized in the
following points1 :
• We provide achievable rates of nonlinear MIMO systems
with either perfect or noisy channel knowledge at the
receiver. We also numerically compute the rate of linear
MIMO systems with noisy CSI and Gaussian input.
• We elaborate on how nonlinear MIMO systems exploit
the spatial degrees of freedom and comment on the
fundamental diﬀerences to linear MIMO systems.
• We explore the robustness of such systems with respect
to channel estimation errors.
• We discuss why sensor networks can benefit from such
a type of receiver design.
The paper is structured as follows. In Section II, we present
a generic MIMO system model and discuss the diﬀerences
between the linear reference model and our abstract nonlinear
MIMO model. In Section III, we handle the perfect channel
state information case, both for the linear reference model and
for nonlinear MIMO. Section IV follows along the same lines
with noisy channel state information. Simulation results are
presented in Section V and the gains of nonlinear MIMO are
discussed. Finally, Section VI discusses the added value of
using nonlinear MIMO in a wireless sensor network.
Notation: Throughout the paper, bold-faced italic lower and
upper case letters stand for random vectors and matrices,
respectively, while their realizations are denoted with upright
letters. E[·], I(·), h(·) and f(·) denote expectation, mutual information, diﬀerential entropy and probability density function,
respectively. Bi j is the (i, j)th element of matrix B, |B| denotes
the determinant, bi is the ith element of the vector b, while
bi is a realization of the random vector 𝒃, indexed with i. (·)H
denotes complex-conjugate transposition. 𝒆i is the ith column
of the N × N identity matrix 𝑰N . The circularly symmetric
complex Gaussian distributed random variable 𝒙 with mean m
1 Parts

of the contribution have been presented in [14] and [15].
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MIMO system reference model.

and variance R is denoted as 𝒙 ∼ CN 𝒙 (m, R). All logarithms
are computed with base 2.
II. System Model
We consider the generic MIMO system depicted in Fig. 1,
with NT transmit and NR receive antennas. The transmitter
emits the signal 𝒔 ∈ CNT over the stationary memoryless flat
fading channel 𝑯 ∈ CNR ×NT , with tap-gain Hi j from the j-th
transmit to the i-th receive antenna. We use a block fading
model for the channel 𝑯. The channel remains constant for
some (coherence) period, long enough to allow for accurate
estimation, and changes to an independent realization in the
next block. This can be achieved with a suﬃciently long interleaver. The received vector 𝒙 ∈ CNR is perturbed by a zeromean circularly symmetric Gaussian noise vector 𝒘 ∈ CNR ,
with autocorrelation function E[𝒘k 𝒘lH ] = σ2w 𝑰NR δ(k−l), where
k and l are symbol instants. A function g(·) acts on every
antenna, producing the output vector 𝒚 = g(𝒓) = g(𝒙 + 𝒘).
The detector has access only to 𝒚. Finally, we assume that
we can code over many channel realizations, and hence we
compute the ergodic capacity/achievable rates.
a) Linear MIMO: In legacy linear MIMO systems, the
following simple linear input-output relationship is used:
𝒚 = 𝒓 = 𝑯𝒔 + 𝒘,

(1)

that is, the function g(·) does not modify the received signal.
The linearity of (1) enables easy mathematical manipulation
and analysis. However, this simple system model neglects several sources of imperfection which exist in real communication
systems, such as I/Q imbalance, amplifier nonlinearities, phase
noise and other RF imperfections [16].
b) Nonlinear MIMO: The function g : CNR → RNR
maps the complex-valued received signal 𝒓 from the complex
plane into one real dimension, element-wise on every antenna.
This nonlinear processing allows for a very simplified receiver
structure, which consumes significantly less power compared
to a linear MIMO I/Q receiver. In particular, we consider
two types of nonlinear functions known from literature and
motivated by their eﬃcient implementation: an amplitude and
a phase function. These are described as follows:

(2)
yi,ampl. = gampl. (ri ) = |ri | = {ri }2 + {ri }2 ,


{ri }
yi,phase = gphase (ri ) = ∠(ri ) = tan−1
,
(3)
{ri }
for i = 1, . . . , NR , for amplitude and phase detection, respectively. The inverse tangent in (3) considers the quadrant where
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ri lies in. In both cases, the main characteristic is that the
signal 𝒚 is missing half the dimensions after processing with
the function g.
III. Achievable Rates with Perfect Channel State
Information

I(𝒙; 𝒚|H)

First, we consider the case when the receiver has perfect
knowledge of the channel realization. Although not realistic,
this assumption is important as a first step for understanding
nonlinear MIMO, and in order to compare with linear MIMO
systems, where the case of perfect receive CSI is well understood.
A. Linear Reference System
The capacity of linear MIMO systems with a total transmit
power constraint P and perfect receive CSI has been characterized in [6], [7]. For a stationary memoryless channel, the
ergodic capacity is given by



SNR
Clin = E𝑯 log det 𝑰NR +
𝑯𝑯 H ,
(4)
NT
and the capacity achieving input distribution for i.i.d.
Rayleigh fading is circularly symmetric complex Gaussian,
𝒔 ∼ CN 𝒔 (0, σ2s 𝑰NT ). The average SNR per receive antenna is
defined as
SNR =

NT σ2s
P
=
,
2
σw
σ2w

(5)

with σ2h = 1. In the high SNR regime, the capacity is
approximately given by
min

SNR 
+
E log λ2i ,
NT
i=1

In the following, we evaluate the conditional mutual information from 𝒙 to 𝒚. For notational simplicity we will write
I(𝒙; 𝒚|H) instead of I(𝒙; 𝒚|𝑯 = H) in this subsection. The
mutual information of interest I(𝒙; 𝒚|H) equals
=

h(𝒚|H) − h(𝒚|𝒙)

=

−

Nmin log

(6)

where Nmin = min(NT , NR ) and λi ’s are the singular values of
𝑯. Linear MIMO systems exploit Nmin degrees of freedom, or
else, achieve Nmin spatial multiplexing, meaning that capacity
increases Nmin bits for every 3 dB SNR increase in the high
SNR regime [17].
B. Nonlinear MIMO
1) Rate Expressions: Since we assumed that the channel 𝑯
is memoryless, the capacity is given by the maximum mutual
information between the channel input 𝒔 and the detector
output 𝒚. Furthermore, since 𝑯 = H is known to the receiver,
the channel output is the pair (𝒚, 𝑯) (cf. [6]). The mutual
information can be written as
I(𝒔; 𝒚, 𝑯) =

E𝑯 [I(𝒔; 𝒚|𝑯 = H)] ,

(7)

since 𝒔 and 𝑯 are statistically independent. Given a channel
realization 𝑯 = H, we observe that 𝒔, 𝒙 and 𝒚 form a
Markov chain 𝒔 → 𝒙 → 𝒚, since 𝒔 and 𝒚 are conditionally
independent given 𝒙 = H𝒔 [14]. This implies that
I(𝒔; 𝒚|𝑯) = E𝑯 [I(𝒙; 𝒚|𝑯 = H)].

(8)

Although (8) is straightforward for a bijective relationship
between 𝒔 and 𝒙, it also holds when 𝑯 is rank-deficient,
and hence not invertible.

(9)

We used the fact that h(𝒚|𝒙, H) = h(𝒚|𝒙). We need the
distributions f(𝒚|H) and f(𝒚|𝒙). The first distribution is known
only in some cases. Otherwise, we estimate it numerically,
as explained in the sequel. The second distribution is known
analytically. Since the noise vector is i.i.d. and the nonlinear
function g(·) acts on each antenna separately, the conditional
distribution of 𝒚 given 𝒙 can be factorized as
NR

f(yi |xi ),

f(𝒚|𝒙) =

(10)

i=1

where yi and xi are the ith elements of the vectors 𝒚 and
𝒙, respectively. When 𝒙 is known, 𝒓 is complex Gaussian
distributed like CN(x, σ2w 𝑰NR ). The amplitude yi = |ri | is
Ricean distributed [18]


2
2
i|
2yi − yi +|x
2yi |xi |
σ2
w
f ampl. (yi |xi ) =
e
I0
,
(11)
σ2w
σ2w
while the distribution of the phase yi = ∠(ri ) is given by [19]
f phase (Δφi |xi ) =

N

Clin

f(𝒚|H) log(f(𝒚|H))d𝒚

+
f(𝒙, 𝒚) log(f(𝒚|𝒙))d𝒚d𝒙.

e−ρi
ρi −ρi sin2 Δφi
e
+
·
4π
σ2w

√
· cos Δφi erfc − ρi cos Δφi ,

(12)

2

|xi | /σ2w

where ρi =
and Δφi = yi,phase − ∠(xi ) ∈ [0, 2π). I0 (·) is
the zeroth order modified Bessel function of the first kind and
erfc(·) is the complementary error function.
In the following we discuss how to numerically compute
achievable rates for fixed input distributions.
2) Numerical Computation: The integrals in (9) are computed using Monte Carlo (MC) integration [20]. MC methods are especially important for the computation of multidimensional integrals, i.e., more than 4 dimensions, where
the traditional numerical methods become computationally
prohibitive. Due to (10), (11) and (12), the distribution f(𝒚|𝒙)
appearing in the second integral of (9) is known analytically for both amplitude and phase detection. To compute
this integral we create N realizations of 𝒙 and 𝒚 pairs,
(xi , yi ), i = 1, . . . , N which are distributed according to
their joint distribution f(𝒙, 𝒚). That is, xi is drawn from a
distribution f(𝒙) of our choice, e.g. by choosing a Gaussian
input 𝒔, and yi is drawn from the distribution f(𝒚|xi ). Then,
the MC estimate of the conditional entropy h(𝒚|𝒙) is given by
h(𝒚|𝒙)

N

1 
−
log f(yi |xi ) .
N i=1

(13)

The distribution f(𝒚|H) is necessary for the computation of
h(𝒚|H). However, f(𝒚|H) is generally not known. For a Gaussian input alphabet 𝒔 and a channel realization H, 𝒓 = H𝒔+𝒘
is Gaussian with 𝒓|H ∼ CN 𝒓 (σ2s HHH + σ2w 𝑰). For amplitude
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detection, f(𝒚|H) = f(g(𝒓)|H) is a multivariate Rayleigh
distribution, while for phase detection it is a multivariate
distribution with uniformly distributed marginals. However,
closed-form expressions exist only for specific values of NR .
For NR = 1, y is Rayleigh or uniformly distributed in
[0, 2π) distributed for amplitude detection and phase detection,
respectively. The corresponding entropies are known. For
NR = 2, the amplitude and phase distributions are given by
[21], [22]
−(Φ11 y21 +Φ22 y22 )

f ampl. (𝒚|H) = 4y1 y2 |𝜱|e
· I0 (2|Φ12 |y1 y2 ), (14)


1
|𝜱|
λ cos−1 λ
·
−
f phase (𝒚|H) =
, (15)
8π2 Φ11 Φ22 1 − λ2 (1 − λ2 )3/2
where 𝜱 = (E[𝒓𝒓 H ])−1 = (σ2s 𝑯𝑯 H + σ2w 𝑰)−1 ,
λ= √

Φ12
· cos(y1 − y2 − χ12 ),
Φ11 Φ22

(16)

and χi j = ∠(Φi j ). An expression exists for the trivariate
amplitude distribution (see [21], [23]). However, it consists
of an infinite sum of alternating terms and proves to be
numerically unstable. No closed-form expression exists for the
trivariate phase distribution. Hence, for NR ≥ 3, we will use
MC integration to estimate the probability density of certain
realizations yi . First, we create N realizations yi , distributed
according to f(𝒚|H), for a given channel realization. We do
this by passing samples of 𝒔 through the system for a given
H. Depending on NR , we evaluate the probability density from
(14), (15), or numerically as follows:
f(yi )

=

f(𝒙) f(yi |𝒙)d𝒙

1
M

M


f(yi |x j ),

(17)

j=1

where the samples x j are generated according to the distribution f(𝒙). Finally, the MC estimate h(𝒚|H) is given by
h(𝒚|H)

−

N
1 
log(f(𝒚i )).
N i=1

(18)

Finally, we average (13) and (18) over many channel realizations H.
Eq. (11) is used in (13), (17) as well as in the next section.
However, when the argument of the Bessel function in (11) is
large, (11) becomes numerically unstable: the Bessel function
grows to infinity and the exponential term converges to zero.
This happens almost always when σ2w is small, that is, at high
SNR. We use the following approximation for (11) in these
cases


(y −|x |)2
σ2w
yi
− i 2i
σw
1
−
·
e
+
.
.
.
(19)
f ampl. (yi |xi )
π|xi |σ2w
16yi |xi |2
which is computed using a high argument approximation of
Io (x) [24].
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 of 𝑯. A nonlinear MIMO sensor
error (MMSE) estimate 𝑯
node could obtain such a channel estimate from the access
point in a time division duplex system. Let us assume the
entries of the fading channel 𝑯 are i.i.d. zero-mean circularly
symmetric complex Gaussian with variance σ2h . The estimation
error 𝑬
+ 𝑬
𝑯=𝑯

(20)

 following a propis uncorrelated with the estimate 𝑯,
erty of MMSE estimation. The estimation error variance
i, j|2 ] ∀i, j, is a measure of the quality
σ2e = E[|𝑯i, j |2 ] − E[|𝑯
 are also i.i.d. zero-mean
of the estimation. The entries of 𝑯
circularly symmetric complex Gaussian with variance σ2h −σ2e .
We will consider two diﬀerent scenarios in our simulation
results. In one case, σ2e is constant for all SNR. This corresponds to a scenario where the channel estimate deterioration
is a result of an outdating, that is, the channel has changed
from the last estimation. This type of degradation is independent of the operating SNR, and relates to the coherent
time. The other scenario corresponds to a σ2e that increases
with SNR. This scenario relates the estimation quality to
the operating SNR, as is usually the case in reality. In the
following computation we treat σ2e as a constant parameter,
irrespective of the aforementioned scenarios.
A. Linear Reference System
The capacity of a linear MIMO system with noisy channel
estimation is not known. Only upper and lower bounds on the
mutual information are given in literature [25]. A lower bound
on the mutual information is given by

 

 

SNR
1 H 


Ilower 𝒔; 𝒚 𝑯 = E𝑯
𝑯 𝑯  , (21)
 log 𝑰NR +


1 + σ2e SNR NT
where we used that E[𝒔H 𝒔] = NPT 𝑰 and the SNR definition
from (5). An upper bound can be computed as a function of
the lower bound as follows:


 
 
 = Ilower 𝒔; 𝒚 𝑯

Iupper 𝒔; 𝒚 𝑯


1 + σ2e SNR
. (22)
+NR · E𝒔 log
1 + σ2e 𝒔 2
However, these bounds are tight only for small values of σ2e ,
and are not suited as reference curves for larger values of σ2e
(cf. Sec. V). For a better comparison with our nonlinear MIMO
achievable rates, we will numerically compute the achievable
rate of the linear reference system with a Gaussian input
distribution. This computation is very similar to the nonlinear
MIMO achievable rate computation that follows in the next
session, and we will describe both in parallel.

IV. Achievable Rates with Noisy Channel State Information

B. Nonlinear MIMO

Next we consider the more realistic scenario, where channel
knowledge is imperfect, as a result of practical channel estimation. A nonlinear MIMO sensor node can perform channel
estimation, but the estimation model would presumably not be
linear in that case. For the sake of simplicity we assume that
the receiver has knowledge of a linear minimum mean square

1) Rate Expressions: We compute the mutual information

between 𝒔 and 𝒚 given a channel estimate 𝑯:

 

 

 = E  I 𝒔; 𝒚 𝑯
= H

I 𝒔; 𝒚 𝑯
=
𝑯
   
 





h
𝒚
H
−
h
𝒚
E𝑯
𝒔,
H
. (23)
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 and f(𝒚|𝒔, H).

The required distribution functions are f(𝒚|H)
Unlike in (8), we can not use the mutual information between
𝒙 and 𝒚, since we do not have perfect knowledge of 𝑯. The
steps we follow are however similar, the only diﬀerence being
that
of the noisy channel estimate on
 they
 include
 the

 eﬀect




h 𝒚 H and h 𝒚 𝒔, H . From Eq. (20), the general inputoutput relation is written as


 + 𝑬𝒔 + 𝒘 .
𝒚 = g H𝒔

(24)

 

 , we
For the computation of the conditional entropy h 𝒚 𝒔, H
write (24) as


 +𝒘
𝒚 = g H𝒔
 = g(𝒓),

(25)

where 𝒘
 = 𝒘 + 𝑬𝒔. Here we assume that 𝒘 and 𝑬 are
statistically independent. This is a valid assumption since
coding is performed across diﬀerent channel realizations,
which is common when computing ergodic rates. Hence, for
a given realization of 𝒔 = s, 𝒘
 is Gaussian distributed, as
⎛ ⎛
⎞ ⎞
NT

⎜⎜⎜ ⎜⎜⎜
⎟⎟⎟ ⎟⎟⎟
𝒘
 |s ∼ CN 𝒘 ⎜⎜⎜⎝0, ⎜⎜⎜⎝σ2w + σ2e
|s j |2 ⎟⎟⎟⎠ 𝑰 ⎟⎟⎟⎠ .

(26)

j=1

 = H,
 𝒓 is also
Furthermore, for a given realization of 𝑯
Gaussian distributed, as
⎛
⎞ ⎞
⎛
NT


⎜⎜⎜
⎟⎟⎟ ⎟⎟⎟
⎜⎜⎜
 ⎜⎜⎜σ2w + σ2e
 ∼ CN 𝒓 ⎜⎜⎜Hs,
|s j |2 ⎟⎟⎟⎠ 𝑰 ⎟⎟⎟⎠ .
𝒓 s, H
(27)
⎝
⎝
j=1

We use the above distribution for the computation of all
required entropies. In the case of the linear MIMO system,
 since 𝒚 = 𝒓.
(27) corresponds to the distribution of 𝒚|s, H,

Hence, h(𝒚|𝒔, H) is readily given as
 
  


=H
 = E𝒔 h 𝒚 s, H

=
hlinear 𝒚 𝒔, 𝑯
⎡
⎞⎞⎤
⎛ ⎛
NT

⎢⎢⎢
⎟⎟⎟⎟⎟⎟⎥⎥⎥
⎜⎜⎜ ⎜⎜⎜
2
2
2
|s j | ⎟⎟⎟⎠⎟⎟⎟⎠⎥⎥⎥⎦ ,(28)
E𝒔 ⎢⎢⎣⎢NR · log ⎜⎜⎝⎜πe ⎜⎜⎝⎜σw + σe
j=1

averaged over many realizations of 𝒔. Note that (28) is
 which aﬀects only
independent of the channel estimate H,
the mean of the distribution in (27). This is true only for the
linear MIMO case.
In the case of nonlinear MIMO, we can factorize the
conditional distribution of 𝒚 similar to (10) as follows
 

=H
 =
f 𝒚 𝒔 = s, 𝑯

NR


 
 ,
f yi 𝒆Ti Hs

(29)

i=1

using the fact that the composite noise 𝒘
 remains white, i.e.,

the correlation matrix is diagonal. The distribution f(yi |𝒆Ti Hs)
per receive antenna is then given by (11) and (12), evaluated
 and σ2w ← σ2w + σ2e %NT |s j |2 in
by setting xi ← 𝒆Ti Hs
j=1
those equations, using (27). Based on the above equation, we
compute the remaining entropies numerically.


2) Numerical Computation: First, we compute h(𝒚|𝒔, H)
for nonlinear MIMO, using MC integration. We create N realizations (si , yi ) distributed according to f(𝒔, 𝒚). We generate
these samples by randomly creating N realizations of 𝒔, and
compute 𝒚 by varying the composite noise 𝒘.
 Note that the
only source of uncertainty is 𝒘,
 which includes the estimation
error uncertainty. Then, we compute
 

= H

h 𝒚 𝒔, 𝑯
=


  


= H
 log f 𝒚 𝒔, 𝑯
=H
 d𝒔d𝒚
−
f 𝒔, 𝒚 𝑯
−

N
 


1 
= H
 ,
log f 𝒚 = yi 𝒔 = si , 𝑯
N i=1

(30)

for a given channel estimate. The conditional distribution in
(30) is described below (29). This concludes the computation
 both for linear (see (28)) and nonlinear MIMO.
of h(𝒚|𝒔, H)
 is computed in the same way for linear and
Finally, h(𝒚|H)
nonlinear MIMO. However, unlike in the perfect CSI case, the
 is not known analytically even for a SISO
distribution f(𝒚|𝑯)
system. This is due to the term (𝑬𝒔) in (24), which consists
of the sum of products of Gaussian random variables. Hence
 as follows. First we
we resort to MC estimation of f(𝒚|𝑯)
 That
create N samples 𝒚 = yi , generated according to f(𝒚|𝑯).

is, for a fixed channel estimate H, the source of uncertainty
 = H)
 is computed with
are 𝒔, 𝑬 and 𝒘. The entropy h(𝒚|𝑯
MC integration
N
 
  


1 
= H
 .
= H

h 𝒚 𝑯
log f yi 𝑯
(31)
−
N i=1
 = H)
 themselves are computed again with
The values f(yi |𝑯
MC integration. We use the model with the composite noise
𝒘
 described above, and average only over 𝒔:
 

 

=H

= H
 d𝒔
f yi 𝑯
=
f(𝒔) f yi 𝒔, 𝑯
M

1   
= H
 . (32)
f yi 𝒔 = s j , 𝑯
M j=1

Here, s j are M samples of 𝒔 distributed according to f(𝒔),
and generated independent of yi . The conditional distribution
in (32) is given in (27) for linear MIMO, and in (10), (11)
and (12) for nonlinear MIMO, as described below (29). The
variation of 𝑬 is captured in the variance of the composite
noise 𝒘
 through the estimation error variance σ2e , and its
influence is a function of the instantaneous signal realization
s. Averaging only over 𝒔 by using the composite noise
𝒘
 is numerically preferable because it spares the two-fold
averaging over both 𝒔 and 𝑬.
V. Simulation Results
In this section we present numerically computed achievable
rates for various configurations. In all following plots, solid,
dotted and dashed lines stand for linear, amplitude and phase
detection, respectively. The input 𝒔 is distributed according
to 𝒔 ∼ CN 𝒔 (0, σ2s 𝑰), unless stated otherwise. The SNR is
defined in (5). The channel matrix entries are modeled as
i.i.d. zero-mean unit-variance circularly symmetric Gaussian
random variables.
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20

First we consider the case of perfect CSI at the receiver,
as described in Section III. Fig. 2 depicts the rates for a
SISO system, computed by averaging (8) over many channel
realizations, using (13), (11), (12) and the analytic entropies
for amplitude and phase detection (known in the SISO case
only). Nonlinear detection is clearly inferior to linear due to
the non-invertible, information-destroying processing by the
function g(·). Furthermore, the slope of the rate curve for
nonlinear detection at high SNR is approximately half the
slope of linear detection, and thus, equal to the slope of linear
detection using one-dimensional (real-valued) signals. We also
plot the rate for phase detection when the input signal has
unit amplitude and uniform phase. This distribution yields
higher rate, although it is not capacity achieving, contrary to
what is stated in [26]. For higher number of receive antennas,
simulations show that the uniform distribution yields the same
rates as the complex Gaussian distribution. This eﬀect rises
from the MIMO channel multiplexing. In the rest of the paper
we use only the complex Gaussian input distribution. An
observation which will also hold in the following plots is that
phase detection outperforms amplitude detection at all SNR. In
other words, phase conveys more information than amplitude.
This is due to fact that the conditional PDF in (12) depends
on the amplitude through ρi , and hence carries information
regarding the state of the channel (weak of strong). On the
other side, (11) is independent of the phase.
Fig. 3 depicts a MIMO system with NT = NR . As expected,
the slope of the nonlinear rate curves increases when increasing the number of transmit and receive antennas. Furthermore,
the slope of the nonlinear rates remains approximately half
the slope of the respective linear capacity, like in the SISO
case. For example, for NT = NR = 2, the slope of amplitude
and phase detection at high SNR is the same as the slope
of linear detection with NT = NR = 1. Hence, we conjecture
that an N × N nonlinear MIMO system achieves N/2 spatial
multiplexing gain.
Fig. 4(a) compares a system with NT = 2 and variable
number of receive antennas NR = 1, . . . , 4. For linear detection,
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Fig. 4. NT = 2 and varying NR , perfect CSI. (a) Achievable rates and (b)
spatial multiplexing gain in real-valued dimensions.

the slope of the capacity curves for NR ≥ 2 remains the
same, since the degrees of freedom Nmin = 2 are unchanged
and fully exploited. The parallel shift is the result of a
power gain. However, the slope of the nonlinear rate curves
continues to increase as we add more receive antennas, but
always remains lower than the linear detection slope. We
quantify this observation by approximating the rate curves
with R = α log(1 + βSNR) and plot twice the estimated
spatial multiplexing gain α in Fig. 4(b) (this corresponds to
real degrees of freedom). We see that the nonlinear detectors
exploit the additional receive antennas to achieve higher spatial
multiplexing gains. We conjecture that they always miss one
real degree of freedom, i.e., they reach a spatial multiplexing
gain up to 2Nmin − 1 = 3 in real dimensions. We justify
our observation by means of an example. In an NT = 2,
NR = 2 system the received signal consists of two phases
and two amplitudes. A phase detector can extract the two
phases of the signal, but has no information about the two
unknown amplitudes. However, if NR = 3, we can deduce an
equation relating the two amplitudes by combining the three
observed phases. Thus, we only miss one more equation in
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order to also extract the two amplitudes. This manifests itself
in the increased multiplexing gain. Nevertheless, there will
always remain an ambiguity regarding the amplitudes, since
multiplying the complex-valued received vector by a scalar
would change the amplitudes but not the phases.
Fig. 5 compares the achievable rates of a linear SISO
systems to those of nonlinear MIMO systems. As we see,
phase detection outperforms linear detection, while amplitude
detection is slightly worse than linear detection. This comparison makes sense if we consider that the power consumption
of the linear SISO detection receiver is expected to be higher
than that of the nonlinear MIMO receiver, although the latter
employs multiple receiver branches, as explained in Section I.
Hence, investing in more antennas and nonlinear receivers
preserves the low power consumption requirements while not
harming the achievable rates of these systems significantly.
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B. Noisy CSI
1) Constant estimation error variance: We proceed to
achievable rates with noisy channel state information. First,
we consider a scenario where the channel estimate degradation
is due to outdated information, i.e., σ2e is constant for all
SNR. The achievable rates of the linear reference system are
computed as described in Sections IV-A and IV-B. We depict
the lower and upper bounds of (21) and (22) only in Fig. 6
to illustrate how the numerically computed curves are more
useful than the two bounds, especially at high σ2e . The estimation error variance is chosen as σ2e = {0.5, 0.1, 0.01, 0.001}
and corresponds to an estimation SNR of {3, 10, 20, 30} dB,
respectively, while σ2e = 0 corresponds to perfect CSI. Curves
with the same marker correspond to the same value of σ2e .
Figs. 6 and 7 depict the rates for a SISO system for
amplitude and phase detection, respectively. Similar to the
linear reference system, the achievable rates reach a threshold
for high SNR. This threshold is reached sooner for large
estimation error variances. The rate loss at σ2e = 0.001, which
implies an excellent channel estimate, is very low. Phase detection remains always better than amplitude detection for the
same σ2e , similar to the perfect channel knowledge case. This

result holds for various antenna configurations, pointing out
that both techniques are equally robust to channel estimation
errors.
Fig. 8 depicts the achievable rates for a NT = NR = 2
MIMO system. The behavior is similar to the SISO case. Phase
detection performs well with respect to linear detection at low
SNR for perfect CSI. Now we can see that phase detection can
even outperform linear detection, when the channel estimation
quality of the former is somewhat better than that of the latter,
e.g., σ2e = 0.01 for phase detection and σ2e = 0.1 for linear
detection. Concluding, we can say that both amplitude and
phase detection exhibit the same behavior as linear detection
when the channel estimation is not perfect.
2) Variable estimation error variance: Finally, we simulate
the achievable rates when the estimation SNRest = 10 log10 σ−2
e
is a function of the operating SNR. In this case, operating
at high SNR implies good quality channel estimation. We
consider the case where SNRest is equal to the operating
SNR. The results are depicted in Fig. 9, along with the case
of perfect CSI (marked with a circle). As can be seen, the
rate curves are parallel to the perfect CSI curves, and do
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Concluding, the decisive factors for a low-power sensor node
are low Tx/Rx power consumption, through suitable choice
of (nonlinear) modulation, short start-up time and high rate.
Our proposed nonlinear MIMO systems possess all these
properties.
As we saw in Section V, nonlinear MIMO systems exploit
spatial degrees of freedom and achieve higher rates than
nonlinear SISO systems. Compared to a linear SISO system
(cf. Fig. 5), the achievable rate of amplitude and phase
detection are similar (or even better for phase detection)
and the scaling with SNR (spatial multiplexing gain) is at
least as good as that for linear SISO. However, nonlinear
MIMO implementations have not been considered yet. As
explained in Section I, facilitating multiple antennas on a
node is possible with the use of compact MIMO-antennas.
Regarding the RF circuitry, a nonlinear MIMO receiver would
use multiple Tx/Rx chains of a nonlinear SISO design, e.g. [2]
for amplitude detection. Associated properties like very low
start-up time and reduced complexity will remain the same,
despite the multiple antennas. The analog front-end power
consumption will be increased, but still remain low compared
to a linear I/Q receiver, since the low-power nonlinear SISO
designs are orders of magnitude more eﬃcient (cf. [2], [5]).
Thus, nonlinear MIMO nodes would improve the power consumption in a sensor network without requiring any changes
from the higher-layer network protocols.

8

VII. Conclusion
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not saturate for increasing SNR, since the channel estimation
quality also increases.
VI. Impact of Nonlinear MIMO on Wireless Sensor
Networks
In this section we discuss the impact of using a nonlinear
MIMO receiver in a wireless sensor network. There are certain
properties that are critical for the power consumption of the
radio system on a sensor node. A sensor network is characterized by sporadic transmission (low duty-cycle) of short packets
over small distances. This implies that the output power of the
transmitter is relatively small, and does not dominate the Tx
power consumption. Furthermore, the radio system must be
waken-up every time a transmission is pending, which means
that the power consumed during the start-up phase is very
important. However, since the transmission time is short due
to the small packet size, the start-up power consumption is
equally important to the actual transmission. Hence, increasing
the transmission rate alone is meaningful only if accompanied
with a short start-up time, as elaborated in [3] and [27].

We proposed a new type of receiver that combines amplitude or phase detection and multiple antenna systems. We
investigated the fundamental limits of such systems, and found
that nonlinear MIMO systems also exploit the spatial degrees
of freedom, although in a diﬀerent way than linear MIMO systems. Furthermore, they exhibit a similar robustness to noisy
CSI as their linear counterparts. Nonlinear MIMO systems are
by design characterized by low power consumption, fast startup times and high (relatively) rates. Properties, which render
them a very promising alternative for short-range low-power
systems, like sensor networks or RFID.
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